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RANK 1 ABELIAN NORMAL SUBGROUPS OF 2-KNOT
GROUPS
JONATHAN A. HILLMAN
Abstract. If a 2-knot group pi other than Z[ 1
2
] ⋊ Z is almost coherent and
has a torsion free abelian normal subgroup A of rank 1 which is not finitely
generated then A meets nontrivially every subgroup which is not locally free,
and A/A ∩ pi′′ is finite cyclic, of odd order.
If A is an abelian group of rank > 0 which is a normal subgroup of a 2-knot
group pi then either A is finitely generated or the Hirsch-Plotkin radical
√
pi is
torsion free and abelian of rank 1 and is not finitely generated. (See [7, Chapter
15].) The only known example of the latter type is the group Φ with presentation
〈t, a | tat−1 = a2〉, which is the group of Fox’s Example 10 and its reflection [5], and
for which
√
pi = pi′ (the commutator subgroup) and pi′ ∼= Z[ 12 ]. If
√
pi is not finitely
generated and pi 6∼= Φ then pi is a PD4-group. It remains an open question whether
there are any such 2-knot groups. Indeed, it is not known whether the centre of a
PDn-group can fail to be finitely generated.
If there is such a 2-knot group pi then we may ask whether
√
pi is finitely generated
as a Z[pi]-module. (Since
√
pi is torsion free and abelian of rank 1, this is equivalent
to it being the normal closure in pi of one element.) Since Aut(
√
pi) is abelian, pi
acts on
√
pi through pi/pi′ ∼= Z, and so the module structure is determined by the
action of a meridian. If
√
pi is not finitely generated as a Z[pi/pi′]-module, is it at
least a minimax group? Although we cannot yet answer these questions, we shall
use homological algebra to give some restrictions.
It is easily seen that if pi has an infinite cyclic normal subgroup A < pi′ then
A/A ∩ pi′′ is finite of odd order. In §1 we show that each odd order is realized by
A =
√
pi, for some fibred 2-knot. The main results consider the possibly empty
class of 2-knots with pi 6∼= Φ and √pi not finitely generated. In §2 we show that
no such knot can be fibred or have group of deficiency 1. In §3 we show that if
pi is almost coherent (finitely generated subgroups are FP2) and these conditions
hold then
√
pi/
√
pi ∩ pi′′ is again finite of odd order, √pi meets nontrivially every
subgroup which is not locally free, and c.d.pi′′ = 3. If pi has a normal subgroup N
such that N < pi′ and c.d.N = 2 then pi acts on
√
pi through ±1.
1. infinite cyclic normal subgroups
Let pi be a 2-knot group with an abelian normal subgroup A of rank 1 such that
A ≤ pi′. Then pi acts on A through pi/pi′, since Aut(A) is abelian, and so A ≤ ζpi′
(the centre of pi′). The choice of a meridian t ∈ pi determines an isomorphism
Z[pi/pi′] ∼= Λ = Z[t, t−1], and tat−1 = qpa, for some qp ∈ Q× and all a ∈ A. If A
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is finitely generated as a Λ-module then it is cyclic, and is isomorphic to Z[ 1
pq
] as
an abelian group. Hence it is normally generated in pi by one element, and pi/A is
finitely presentable. The group A has infinite cyclic subgroups which are normal in
pi if and only if q
p
= ±1.
If A is not finitely generated as a Λ-module then every a 6= 1 in A is divisible by
arbitrarily large integers relatively prime to pq. Moreover, for any a 6= 1 in A the
quotient pi/〈〈a〉〉 is finitely presentable and has an infinite abelian normal subgroup,
and so has one end.
Lemma 1. If pi has a normal subgroup A ∼= Z such that A < pi′ then either
A ≤ ζpi ∩ pi′′ or [pi : Cpi(A)] ≤ 2 and A/A ∩ pi′′ is finite cyclic of odd order.
Proof. This follows easily from the facts that Aut(A) = {±1} and that t − 1 acts
invertibly on pi′/pi′′. 
For example, we may take the group pi with presentation
〈t, a, b, c, d, e, f, z | [a, b][c, d][e, f ] = zm, az = za, cz = zc, ez = ze,
tat−1 = f, tbt−1 = ef, tct−1 = d, tdt−1 = cd, tet−1 = b, tft−1 = ab,
tzt−1 = z−1〉,
with m odd. It is easily seen that pi is the normal closure of t, while
√
pi = 〈z〉
and
√
pi/
√
pi ∩ pi′′ ∼= Z/mZ. The corresponding knot manifold is the total space of
an S1-bundle over a non-orientable 3-manifold, and is also the mapping torus of a
self-homeomorphism of a S˜L-manifold.
If pi is a PD4-group and has a normal subgroup C ∼= Z then G = pi/C is
finitely presentable, and an LHSSS argument shows that H3(G;Z[G]) ∼= Z, while
Hq(G;Z[G]) = 0 if q 6= 3. It is possible that these conditions imply that G is virtu-
ally a PD3-group. It would then follow that the abelian normal torsion subgroup
A/C must be finite.
We can confirm this in certain cases. Since C < pi′, G/G′ ∼= Z, and so G is an
HNN extension HNN(B; φ : J → K), with B, J and K finitely generated [2]. The
associated Mayer-Vietoris sequence for cohomology with coefficients Z[G] gives an
exact sequence
0→ H2(B;Z[G])→ H2(J ;Z[G])→ H3(G;Z[G]) = Z→ 0.
If B is FP2 and the HNN extension is ascending then it follows from [4, Lemma
3.4] that B = G′, and so pi′ is finitely generated. Hence H2(B;Z[B]) ∼= Z, and so
B is virtually a PD2-group [3]. The group G is then virtually a PD3-group.
In particular, if pi is almost coherent, has a normal subgroup C ∼= Z and has no
non-cyclic free subgroup then G is such an HNN extension. Since the base has no
non-cyclic free subgroup it is virtually Z2. Hence G and pi are polycyclic, and so
all subgroups are finitely generated.
From another point of view, if A is not finitely generated then A/C is an infinite
normal torsion subgroup of G, and so A/C ≤ J ∩ K. Hence B, J and K each
have one end. The HNN decomposition of G lifts to a similar decomposition of
pi = HNN(B˜; φ˜ : J˜ → K˜). The subgroups B˜, J˜ and K˜ are each finitely generated
and have cohomological dimension ≤ 3. A spectral sequence argument shows that
if B is FP2 then H
s(B˜;Z[B˜]) = 0 for s ≤ 2. If G is virtually a PD3-group, and
if, moreover, such groups are 3-manifold groups, then G is coherent, and so B˜ is in
fact FP . It is then a duality group, and we may apply the Algebraic Core Theorem
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of [10]. Hence B˜ is the ambient group of a PD4-pair of groups (B˜,S). Let S ∈ S
be a boundary component. Then S is a PD3-group, and so ζS is finitely generated.
Hence A 6< S. If A∩S = 1 then AS ∼= Z×S, and so c.d.AS = c.d.A+3 > 4, which
is impossible. If A∩S ∼= Z then AS/S is an increasing union of finite cyclic groups,
and so c.d.AS = 4, by Theorem 3.1 of [6]. But then AS is finitely generated, and
we again have a contradiction.
2. non-finitely generated abelian normal subgroup
The most familiar constructions of 2-knots are perhaps
(1) Artin spins of classical knots;
(2) ribbon immersions of D3 in S4;
(3) surgery on finite sets of loops in connected sums of S3 × S1;
(4) twist-spinning classical knots; and
(5) surgery on a section of the mapping torus of a self-homeomorphism of a
3-manifold.
These constructions are not disjoint; in fact (1) ⊂ (2) ⊆ (3) and (4) ⊂ (5). Knots
arising from the first three have groups of deficiency 1, while those arising from the
fourth and fifth are fibred, and so have finitely generated commutator subgroup.
The groups with deficiency 1 which are also groups of fibred knots are the knot
groups pi with pi′ = F (r) free of finite rank r.
Just one of the knot groups arising from any of these constructions has an abelian
normal subgroup which is not finitely generated.
Theorem 2. Let K be a 2-knot whose group pi = piK has an abelian normal
subgroup A which is not finitely generated. Then pi′ is not finitely generated. If pi
has deficiency 1 then pi ∼= Φ and K is topologically isotopic to Fox’s Example 10
(up to reflection).
Proof. Let M = M(K) be the knot manifold obtained by elementary surgery on
K. Then pi1(M) ∼= pi and χ(M) = 0. If pi′ is finitely generated then it has one end,
since clearly A ≤ ζpi′. Hence M is aspherical and pi′ is a PD3-group [7, Theorem
4.5]. But the centres of PD3-groups are finitely generated [3].
If pi has deficiency 1 then c.d.pi = 2 [7, Theorem 2.5]. (Note that β
(2)
1 (pi) = 0
since pi has an infinite amenable normal subgroup.) Since A is not finitely generated,
A ≤ pi′, and since c.d.A ≤ c.d.pi = 2, it must have rank 1, and so Aut(A) is abelian.
Hence A ≤ ζpi′. Since c.d.pi′ ≤ 2 also and ζpi′ is not finitely generated, pi′ must
be abelian of rank 1 [1, Theorem 8.8]. Since pi is finitely presentable and has
abelianization Z, it is an HNN extension with finitely generated base B < pi′ and
associated subgroups [2]. Since pi is solvable, the extension must be ascending, and
it follows easily that pi ∼= Φ = Z∗2.
In [8] it is shown that any knot with group Φ is TOP isotopic to Example 10 of
[5], up to reflection. 
In [7, Theorem 15.7] it is shown that if a 2-knot group pi other than Φ has an
abelian normal subgroup A which has rank > 0 but is not finitely generated then
pi is a PD4-group and
√
pi is torsion-free abelian of rank 1.
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3. abelian normal subgroups of PD4-groups
We assume henceforth that pi is a 2-knot group which is a PD4-group, and shall
use the fact that subgroups of infinite index in PDn-groups have cohomological
dimension < n [12] to derive our constraints.
Lemma 3. Let G be an FP2 group with one end and such that c.d.G = 2, and let
A ∼= Z[ 1m ], where m > 1. Then c.d.A×G = 4.
Proof. Let Ak =
1
mk
Z. Then Gk = Ak ×G is FP , c.d.Gk = 3 and Hs(Gk;F ) = 0
for any free Z[Gk]-module and s < 3, and for all k ≥ 0. Moreover, Gk < Gk+1 and
[Gk+1 : Gk] = m < ∞ for all k, and A × G ∼= ∪k≥0Gk. Hence Hs(A × G;F ) = 0
for any free Z[A × G]-module and s ≤ 3 [6, Theorem 3.1]. Since c.d.A × G ≤
c.d.A+ c.d.G = 4, the lemma follows from [1, Proposition 5.1(a)]. 
Does the conclusion of this lemma hold if FP2 is weakened to finitely generated?
Theorem 4. Let pi be a 2-knot group which is an almost coherent PD4-group with
an abelian normal subgroup A which is torsion free and of rank 1, but not finitely
generated. Then A ≤ pi′ and A/A ∩ pi′′ is finite cyclic of odd order.
Proof. If A is torsion-free of rank 1 and has non-trivial image in pi/pi′ then A ∼= Z,
and so must be finitely generated.
Let t be a meridian for pi and x a nontrivial element of A. Then the subgroup
B generated by {t, x} has the presentation
〈t, x | txpt−1 = xq, tkxt−k ⇌ x, ∀ k〉.
Since pi is almost coherent, B is FP2, and so is an HNN extension with finitely
generated base [2]. Since B is solvable, the HNN extension must be ascending, and
so (after replacing t by t−1, if necessary) we may assume that p = 1.
If A ∩ pi′′ = 1 then A embeds in the knot module pi′/pi′′, and so is a direct
summand of a submodule of finite index. Hence A ∼= Λ/(t− q)Λ, and A ∼= Z[ 1q ] as
an abelian group. Moreover, pi′ has a subgroup ρ of finite index such that Api′′ ≤ ρ
and ρ ∼= A× σ, where σ = ρ/A. Since pi is a PD4-group and pi/pi′ ∼= Z, h.d.pi′ ≥ 3,
while c.d.pi′ ≤ 3 by [12]. Hence h.d.pi′ = c.d.pi′ = 3. Since Z × σ ≤ pi′, we see
that c.d.σ ≤ 2. Since h.d.A = 1, we have 1 + h.d.σ = h.d.ρ = h.d.pi′ = 3, and so
h.d.σ = 2. Therefore c.d.σ = h.d.σ = 2, so σ is not locally free. Let ν be a finitely
generated subgroup of σ which is not free, and is indecomposable as a free product.
Then ν has one end and c.d.ν = 2, and so c.d.A × ν = 4, by Lemma 3. But this
contradicts c.d.pi′ = 3. Hence A/A ∩ pi′′ 6= 1.
Since A/A ∩ pi′′ is a Z-torsion submodule of the knot module pi′/pi′′, it is finite,
and hence cyclic. It is of odd order, since t− 1 acts invertibly on pi′/pi′′. 
The order of A/A ∩ pi′′ is relatively prime to q and q − 1, since q and t − 1 act
invertibly on it.
Corollary 5. The characteristic class in H2(pi′/A;A) for pi′ as an extension of
pi′/A by A has infinite order.
Proof. The image of the characteristic class for the extension inHom(H2(pi
′/A;Z), A)
is the connecting homomorphism δ in the five-term exact sequence of low degree
H2(pi
′;Z)→ H2(pi′/A;Z) δ−−−−→ A→ pi′/pi′′ → pi′/Api′′ → 0.
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(See [9, Theorem 4].) The corollary follows since A is infinite and torsion-free, and
its image in pi′/pi′′ is finite. 
In particular, pi′ does not have a subgroup of finite index which splits as a direct
product A × σ. In fact it is clear from the proof of Theorem 4 that no subgroup
τ ≤ pi′ which contains A and h.d.τ = 3 can split as such a direct product.
If pi 6∼= Φ then it is not elementary amenable [7, Theorem 15.14]. Hence pi′/A is
not locally finite. Must it have an element of infinite order? Since h.d.pi′ = c.d.pi′ =
3, we may write pi′ = ∪k≥0Pk as a union of finitely generated subgroups Pk with
h.d.Pk = c.d.Pk = 3 and A ∩ Pk 6= 1. (Hence ζPk is infinite.)
We may also use considerations of cohomological dimension to show that A
interacts strongly with subgroups which are not locally free.
Lemma 6. If a PD4-group pi has a finitely generated normal subgroup N such that
N ≤ pi′, c.d.N = 2 and ζN 6= 1 then h(√pi) ≥ 2.
Proof. Since N is finitely generated, c.d.N = 2 and ζN 6= 1, either N is Z2 or N ′
is free of finite rank [1, Theorem 8.8]. If N ′ is free of rank r > 0 then
H3(pi/N ′;H1(N ′;Z[pi])) ∼= H4(pi;Z[pi]) ∼= Z,
by an LHSSS corner argument. Hence
H3(pi/N ′;Z[pi/N ′])⊗H1(N ′;Z[N ′]) ∼= Z,
and so N ′ has rank 1. Hence N ∼= Z ⋊−1 Z.
In either case,
√
N ∼= Z2 and so h(√pi) ≥ 2. 
Theorem 7. Let pi be a 2-knot group which is an almost coherent PD4-group with
an abelian normal subgroup A which is not finitely generated. Let N be a subgroup
of pi′ which is not locally free. Then A∩N 6= 1. If N is normal in pi and c.d.N = 2
then N ′ is free of rank > 1, [pi : Cpi(A)] ≤ 2 and N is not finitely generated.
Proof. If A ∩ N = 1 then AN ∼= A × N , since A is central in pi′. If c.d.N = 3
then c.d.Z × N = 4, and so A×N would have finite index in pi. Therefore we
may assume that c.d.N = 2. Since N is not locally free it has a finitely generated
subgroup ν with one end. Since pi is almost coherent, ν is FP2. Hence c.d.A×ν = 4,
by Lemma 3. Since c.d.Aν ≤ 3, we must have A ∩ N 6= 1. Hence ζN 6= 1. Since
c.d.N = 2 and N is not locally cyclic, either N ∼= Z2 or N ∼= Z⋊−1 Z, or N ′ is free
of rank > 1 and ζN ∼= Z, by Theorem 8.8 of [1]. In each case, A ∩N ∼= Z. If N is
normal in pi then so is A∩N , and so q
p
= ±1. Hence [pi : Cpi(A)] ≤ 2. Moreover N ′
must then be free of rank > 1, since
√
N ≤ √pi = A. The final observation follows
from Lemma 6, since
√
pi is torsion-free abelian of rank 1, by [7, Theorem 15.7]. 
If N is a locally free subgroup which is not abelian then A ∩N = 1. (However,
Φ′ is both abelian and locally free.)
Corollary 8. If pi′′ is finitely generated then pi is an ascending HNN extension
over a finitely generated, one ended base. However pi′′ is not FP3. In all cases,
c.d.pi′′ = 3.
Proof. If pi′′ is finitely generated then it is FP2, since pi is almost coherent. More-
over pi/pi′′ is then finitely presentable, and so is an HNN extension over a finitely
generated base [2]. Since pi/pi′′ is metabelian the extension is ascending and the
base is finitely presentable. The HNN structure lifts to an ascending HNN structure
6 JONATHAN A. HILLMAN
for pi, and the base is again finitely generated, since pi′′ is finitely generated. The
HNN base has one end since it has an infinite abelian normal subgroup.
If pi′′ were FP3 then it would be FP . Let τ be the preimage in pi of the torsion
subgroup of pi′/pi′′. Then τ is also FP , since it is torsion-free and [τ : pi′′] is
finite, and pi/τ is torsion-free metabelian of finite Hirsch length. Hence c.d.pi =
c.d.τ + c.d.pi/τ [1, Theorem 5.5], and so c.d.pi/τ = 1. Since pi/τ is solvable, this is
only possible if τ = pi′. But pi′ is not finitely generated, by Theorem 2, and so pi′′
cannot be FP3.
Since pi is a PD4-group, pi
′′ is not abelian, for otherwise pi would be polycyclic and
all subgroups would be finitely generated. Since A∩pi′′ is not finitely generated, by
Theorem 4, and is central in pi′′, it follows from Theorem 7 that c.d.pi′′ > 2. Hence
c.d.pi′′ = c.d.pi′ = 3. 
There are uncountably many torsion-free abelian groups of rank 1. Only count-
ably many can occur as
√
G for some finitely presentable group G. A countable
abelian group is the centre of some finitely presentable group if and only if it is
recursively presentable [11]. What else can be said in the present context? Must√
pi be minimax? (The minimax subgroups of Q are isomorphic to Z[ 1
m
], for some
m ≥ 1 - see §7.4 of [1]. Every subgroup of Q which is not finitely generated contains
such a group, for some m > 1.)
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